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√
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.
zn
n!
, z ∈   , |z| < 1, ´·Å¶
¼-]a;toamo]_a
to`Ja;mvaptok
αi
´
i = 1, .., 3
¶}toa
{`JrlmvaO¢ji%Jtoap;r_tvtoa;qMa¥­{to`!r_x9kpÃ
(αi)0 = 1,
}q
(αi)n = αi(αi + 1)..(αi + n− 1) =
Γ(αi + n)
Γ(αi)
, ∀n ≥ 1. ´Áp¶
 ¥·u£t!u£`9_a;`9a;qDm)mvu{q¬{¥
2F1
]k&mv{4m}¯a.mo]_a®{qja;toapqaJ_to{Aa;tvmvuapk&uqDmv{¦p{rqmOª É]_a;q
kva;touapk´EÅ¶Kuxk{qDa;toapqmz{q_a«j
toap;r_tvtoa;qMa¥­{to`!r£{)¼k¥­{t¿u£moklu£ÆAaptvapqmou}mvu{q§¼-u£mv]®toapkvAapm
mo{
z
Ã
dn
dzn
(2F1(α1, α2;α3; z)) =
(α1)n(α2)n
(α3)n
.2F1(α1 + n, α2 + n;α3 + n; z).
´ÁÁO¶
»¿{qkvapwDr_a;qDmo£i«¥­r_qmou£{q
2F1
l{japk®q{}mqa;apÉmv{0¢Aa,_uÈÆ©a;toa;qDmvux)moapÇa;ºj£uxu£mvi©ÃµtvaOr_tkuaYp}k
tva§kvr ®ua;qDmpª¦k
aºl_x}uq_ap¬¢Aa¥­{tva«¨¥­{tv`.r_µ´ÁÁp¶
uk!u£q;{`9_amoa§¥­tv{` q¬A{uqDm!{}¥ju£ap¼
¢Aapp}rkva)}toux}¢_a
z
tvap_tvaOkapqDmokK`.r]®`9{toa-mv]M}q%!`9}mv]_ap`§)mvux;M)tvux}¢_aª~Um¿]MkKmo{!¢Aakva;apq%k
!¥­r_qmvu{q
z(x)
«la;Aa;qMlu£qJ{qkv{`9a&mvua?tvux}¢£a
x
{}¥mv]_a
{lla«jmv{9a;qM}¢_a
J;{totvaOmrka&{¥
mo]_a]u£qtvr£aª\]jrk-mv]_a¸tknm{to_a;t-lu£ÆAaptvapqmou}mvu{q¥­{to`!r_xJ¼-tvu£mvaOk-k¥­{£{)¼k;Ã
d
dx
(2F1(α1, α2;α3; z(x))) =
α1α2
α3
.2F1(α1 + 1, α2 + 1;α3 + 1; z(x)).
dz(x)
dx
.
´ÁO¶
glu£q;a´ÁO}¶Zu£qj{apk
2F1
¥­r_qMmvu{qMkZap?£rM)mvaO4¼-uÈmo]lu£Æ©a;toa;qDmto`9amvaptokp«q{%]_apYtoaprtvtoa;q;a
¥­{tv`.r_xaºlukmokpªÀZu£]
{tla;tla;tou£)}mvuapk¨{}¥_{`JA{rq&]jiDAa;toap{`9amotvux¥­r_qmvu{q
2F1(a, b; c; z(x))tva&;;r_x)mvaO®¥­to{`*mv]_a&¥­{tv`.r_J_to{A{kvap%¢ji ' )9lu¹¿tor_q_{4´nÁOÂ .}¶(UÃ
∂n2F1(a, b; c; z(x))
∂xn
=
∑
γ1, .., γn
s.t. β = n
n!
γ1!..γn!
(a+ γ)n(b+ γ)n
(c+ γ)n
.(zγ1(1)(x)..z
γn
(n)(x)).
.2F1(a+ γ, b+ γ; c+ γ; z(x)),
´Áp¶
¼-]a;toa
γ =
∑
j=1,..,n
γj
«_q
β =
∑
j=1,..,n
jγj
ªK\]_a&}mmoa;t-toa;_toapkva;qDmokmv]akr_`{)a;t}©mv]auqDmvapa;t
M}tvmvu£mvu{qkZ{}¥
n
q¦to{)¼k-a;ºjA{qa;qDmvux}£i¼-u£mv]
n
Ãmo]_a;toa!a;ºlukm.ÁÁ}tvmvu£mvu{qMk¥­{t
n = 6
qY
M}tvmvu£mvu{qk¥­{t
n = 9
ª
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\]a
n
³U{tlaptJlaptvu))mou£a ∇nf
{¥
n
³U_uÈÆ©a;toa;qDmvux}¢£a¥­r_qmvu{q
f(x, y)
¼-u£mv]2tvaOkAapm.mo{
x
}q
yap)}r)moapu£q¦lutvaOmou£{q
(δx, δy)
`§?i§¢Aa
¼-tvu£mmoa;q¦kpÃ
1
n!
∇nf (x, y).(δx, δy)n =
n∑
k=0
δkx
k!
.
δn−ky
(n− k)! .
∂nf
∂xk∂yn−k
(x, y).
´Á;D¶
2_]_u£{Dk{_]jilaOkuqkmv]a]_u]{to_a;tlu£Æ©a;toa;qDmvux)mou£{q!k_to{lapkok_a;{mvaOmv{mo]_a¿;{`9_rlm)mou£{q
{¥ ∇nf
¼-uÈmo]_{r_m;{qkvu_a;tou£q_¥­{to`!r_x®´nÁpD¶ª É]a;q%u`9_a;`9a;qDmvuq_Jtvap}mvu{qkv]_ukztvaOkapqmoap§uq\)³
¢£a
j«Dmv]_a&{`9_rlmo}mvu{q®{¥ ∇nf .(δx, δy)n
uxk_{q_atvaOr_tkuap£i©Ãtvu]Dm¿]M}q®kvuxlaZmoa;to`§k ∂nf
∂xk∂yn−ktva9q_{m!;;r_}mvaOHuqlujulrM}£i,k&uq¬`§}qjrlu£ÆAaptvapqDmvux)mvu{qª®À{)¼a;aptp«©mo]_a®¯jq_{)¼-apla.{¥
kvr]Y;tv{Dkvk_a;tou£))mou£apktva!tvaOwru£toap¼-]_apqYrkvu£q_¹¿t}rq_a;t  k`Ja;mv]_{l4¥­{tmo]_a.kmvr_i{¥Kmv]_au{quÈ³
ko)mou£{q¨ª\]_apkvatvaq_{m;{`9_rlm}¢_auq4.kmvt}u]Dm¥­{tv¼}tJ`§}q_q_apt¥­tv{`* A{uqm{}¥Dua;¼
ªz¹rlm
{q_a®`§?i,aºl_{u£mmv]_au£q_aO}touÈmni_to{Aa;tvmni{¥mo]_a_uÈÆ©a;toa;qDmvux)mou£{q0uq0{tla;tmv{Ya;ºDmotommo]_a;tv{Dkvk
_a;tou£))mou£apk
{¥-u£qDmvaptvaOknmOª )_{t!uqknm}q;a%laptvu))mvua ∂2f
∂x∂y
`§?i¢Aa%laOlr;apµrkvuq_¦¥­{to`!rµ´Á;D¶
´·¼-uÈmo]
n = 2
¶zk (∇2f .(1, 1)2 −∇2f .(1, 0)2 −∇2f .(0, 1)2
)
/2
{t¿k (∇2f .(1, 1)2 −∇2f .(1,−1)2
)
/2
ª
k_to{)aO¢Map£{)¼
«©}qji
n
³F{tolaptto{koklaptvu))mvua!{}¥
f
la;Aa;q_u£q_%{q¦mn¼{§)}tou¢_£aOk-`§?i¢Aa._a³
_raOY¥­to{` u£q_aO}t
{`!¢_uq}mvu{qH{¥
n + 1
moa;to`9k ∇nf
a;)}r}mvapHu£q¬¼a;È³±]_{DkapqHlutvaOmvu{qMk{¥
Aa;tvmvrtv¢}mvu{q¨ª
  Ï !Ï  ­ Ï)! ¡	

n 	 "!$#% ∂nf
∂xk∂yn−k & 0 ≤ k ≤ n &(' !
*) +" '-,/. #0
. 1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tv{j{}¥ukmotvuju´­{q_a§rkvapkmv]a§£uq_aptvu£mniY_to{Aa;tvmni¦{}¥mv]a®luÈÆ©a;toa;qDmouÈ³
}mvu{qM¶«¼¿a®tvaOkapqm.uÈm.mv{HA{uqDm!{r_m!mv]a%q_apapµ{¥-q0aº_m.kv{rlmvu{q¬¥­{tmo]_a%r_qMla;to£ijuq_Yu£qap}t
kvilknmoa;`4ª
){t¨mo]_a¿ko}¯az{}¥kvu`J£uxu£mniuq
mo]_a¼-touÈmou£q{}¥lmo]_a;{tva;mvux;}Dla;a;{_`9apqmk;«O¼a¿laOuxlapmo{Ztoa;_x;a
´Á;¶¢ji§mo]_a
A{iDq{`9u©¥­{to`!r_x_Ã
1
n!
(x+ y)n.(δx, δy)
n =
n∑
k=0
δkx
k!
.
δn−ky
(n− k)! .x
kyn−k,
´ÁO¶
uxlapqmouÈ¥­ijuq_Y¥­{tv`§£i ∂nf
∂xk∂yn−k
(x, y)
mv{
xkyn−k
ª'
q_a{¢lm}uqk!mv]_a¢_uq_{`9ux}¿¥­{to`!r_x¦¼-]_apq
]{D{Dkuq_.mv]_a_u£toapmvu{q{}¥Aa;tvmvrtv¢}mvu{q
(δx, δy) = (1, 1)
ª
 am {∆p}p=0,..,n = {(1, δp)}p=0,..,n
¢Aa®kvam
{¥
n + 1
q_{ql³U;{£uq_aO}t
lutvaOmvu{qMk{¥¿Aa;tvmvr_tv³
¢M)mvu{qª ,tvu£mvuq_,¥­{to`!r2´nÁ?}¶!¥­{t§ap] lutoapmou£{q
δp
{q_a{¢_mo}uqk§,u£q_aO}t§kvijkmvap`{}¥
n + 1
/0/ æ
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ÝÝã2
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aOwDr)mou£{qkla;Aa;q_u£q_§{q
n+ 1
rq_¯jq_{)¼-qkpª ,touÈmvmva;q4r_qMla;tZJ`§)motvu£º®¥­{tv`4«l{qa]MkpÃ


(x+ y)n.(1, δ0)
n
:
(x+ y)n.(1, δn−p)
n
:
(x+ y)n.(1, δn)
n


=


1 .. δn−p0 .. δ
n
0
: :: : :: :
1 .. δn−pn−p :: δ
n
p
: :: : :: :
1 .. δn−pn :: δ
n
n


.


x0yn
:
xpyn−p
:
xnyn−n


,
´Áp¶
¼-]a;toa.mo]_a§{qla;qMkaOHq_{mo}mvu{q
xk
knm}qk¥­{t
xk/k!
mv{4amtou{}¥¿¥·mo{touK{ja®ua;qDmk;ª
q_a
toap;{q_u£¤papk&°z}q9la;t¿d¦{q_a`§}mvtouÈº
V
¼-]_u]§la;mvaptv`9uq}qDmKukzM{Dku£mvua-kvu£q;a
∆i
}q
∆j
´
j 6= i ¶tvaq_{ql³U;{£uq_aO}tOª
~±q2_tmvuxa«`J{q_{`9ux}xk
xn
}q
yn
«zmv]M)m®knm}qÄ¥­{t9tmou-la;tou£)}mvuapk ∂nf
∂xn
q ∂nf
∂yn
«}toa
{¢lmou£qap0rMkuq_¬lu£toapmvu{qkJ{¥ZMaptmor_to¢)mou£{q
(1, 0)
}qM
(0, 1)
ªÄ\aptv`§k
xkyn−k (k = 1, .., n −
1)
;q_q_{m¢Aa,;{`9_rlmoap uq  knmotou£]Dm¥­{to¼}tÄ`§}qq_a;tOª \]apkvaH`§?iÇ¢Ma¬lap_raO ku£q_aO}t
;{`.¢_u£qM)mvu{qMk{¥A{ijq_{`9ux}xk
(x + y)n.(1, δp)
n ´ p = 0, .., n ¶Zmv]M)mtoa;_toapkva;qDmZ³U;{`9_rlm}¢_a_a;tou£))mou£apk ∇n(f).(1, δp)n
ª 
q_a
kv{apk_to{¢£ap`9k-kvr]4kpÃ
Find Υk = (ε0, .., εn) s.t.
n∑
p=0
εp(x+ y)
n.(1, δp)
n = xkyn−k, ∀x, y. ´Á .}¶
»¿]{D{Dkuq_
x = y = 1
«M{q_a.laOlr;apkZmv]}m
Υk
ukkv{rlmvu{qY{¥®u£qap}tkilkmvap` uqj{£juq_®°z}qla;t
dY{qla%`9}mvtouÈº
V
«z}q0¼-]_u]Ätvu]Dm!]q0kvu_a§mvaptv`5uxk.]_{Dkapq0kmv]_a
k + 1th
aOmo{t!{¥-mv]_a
p}q_{q_ux;}©¢kuxk{}¥  n+1 ª
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yzto{¢£ap` ´nÁ .¶]Mk.mv{,¢Ma4kv{ap0aº_mvi¬mv{,amJaº_m9_a;tou£))mou£apk.¢MaO;rkamv]arkva{}¥q
u£mvapto}mvua®ko]_a;`9a§¼-u£mv]Ä4tvaOuxku{q¬{}¥
10−6
¥­{taº_`J£a®¼-uu£`9u£m.la;tou?}mvua®p}xr_x)mou£{qk&mv{
mo]_a!ko}`9a_toap;ukvu{q¨ª\]_uxkuxkq_{ma;q{r_]¼-]a;qYkmvrlijuq_®ap£aOmvto{q_³U}mv{` {£ukvu{q¨ª~±qY_tmvuxa«
9;{qjapq_u£apqDm-kvam{¥_u£toapmvu{qk{¥Aa;tvmvr_to¢}mvu{q4uk
S = {(1, 0), (1, 1), (1,−1), (1, 2), (1,−2), ...}kvuqa&u£mapkvapk`§qDrM}Rk{£r_mvu{qk{¥´Á .)¶ª
\}¢£a§_toapkva;qDmokmv]a9kvam{¥lutoapmou£{qk{}¥Maptmor_to¢)mou£{qH¼aJrMkaJ¥­{t&mo]_a§{`Jrlmo}mvu{q,{}¥;tv{Dkvk
_a;tou£))mou£apk}MaO}tou£q_.mv]a - u£q_{Dk]uÈm.¼?a;¥­r_qmvu{q
ψK
u£qj{£juq_ÁpÂJ}t}`9a;mva;tkpÃ
ψK(s, u, t) = [ c0,0,0 + c1,0,0s+ c1,1,0u+ c2,0,0s
2 + c2,1,0su+ c2,2,0u
2+
+c2,2,2t
2 + c3,0,0s
3 + c3,3,0u
3 + c3,2,2st
2 + c3,3,2ut
2+
+c4,0,0s
4 + c4,4,0u
4 + c4,2,2s
2t2 + c4,4,2u
2t2 + c5,5,0u
5+
+c5,5,2u
3t2 + c6,6,2u
4t2]e−ks/2.
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~Um¼kZ]_{kva;q¢MaO;rka
u£m]k-q_{§q_ap)mou£a³UM{)¼a;t¿mvaptv`§kpª ¬?a¥­r_qmvu{q
ψK
_a;Aa;q_kZ{q4)}touÈ³
¢_apk
s
«
t
«_q
u
«j¢_rlm-ap]%`9{q{`9uA_a;Aa;q_k{qJ{r__a{¥)}tou¢_apk¿{q_iªK\]_amv]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∑
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_a;tou£))mou£auxkapwDrAmv{Jmv]_a&qjr_`.¢Mapt N (m,n) {}¥;{`.¢_u£qM)mvu{qMk´ n1, .., nm
¶{}¥u£qDmvapaptokkvr]%mo])m
n1 + ..+ nm = n
´
0 ≤ ni ≤ n
¶ªk`§£¨tv{t}`*kvr ®apkmo{§a;)}r}mva N ª 
q_a
{¢kva;toapk¿mo])mmo]_a{`9_£a;ºluÈmni®{¥ N (m,n) uxk-{¥ O(nm−1 ªglapwDr_a;qMapk-tva&u£a;qu£q ' gl£{D}q_aD´E}D¶"(Fª~±qHmv]_aJ}tvmvuxrtpkva{}¥zmo]_toa;a!)tvux}¢_apkp«©{q_a.]k N (3, n) = (n + 1)(n + 2)/2 ¥­{t n ≥ 3´­mvtouq_rtqjr_`.¢MaptkvapwDr_apqa?¶«?mo])mKuxk N (3, 3) = 10 « N (3, 6) = 28 « N (3, 9) = 55 «lªªªK»¿]_{j{Dkuq_
¥­{£{)¼-uq_.q{ql³±{£u£qap}t-lutoapmou£{qkp«l{q_a&`§?i%{`9_rlmva ∂3f
∂a∂b∂λ
¥­tv{`la;tou?}mvuaOk ∇3 k;Ã
6
∂3f
∂a∂b∂λ
= ∇3f .(1, 1, 1)3 −∇3f .(1, 1, 0)3 −∇3f .(1, 0, 1)3 −∇3f .(0, 1, 1)3+
+∇3f .(1, 0, 0)3 + ∇3f .(0, 1, 0)3 + ∇3f .(0, 0, 1)3.
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